We use a complete pseudoparticle operator representation to study the explicit form of the finite-frequency conductivity for the Hubbard chain. Our study reveals that the spectral weight is mostly concentrated at the ω = 0 Drude peak (except at density n = 1) and at an absorption starting just below twice the value of the chemical potential whose ω-dependence we evaluate exactly. We also obtain the exact ω dependence of the higher-energy, less-pronounced absorption edges, whose weights vanish for large on-site interaction U .
The unusual spectral properties of electronic Luttinger liquids [1] imply that they cannot be described by one-electron, Fermi-liquid-like models. Further, descriptions of these quantum systems in terms of exotic excitations such as holons and spinons, or pseudoparticles have been limited to the low-energy Hilbert subspace, and both bosonization and standard conformal-field theory techniques also apply only in that limit. On the other hand, the unusual finite-frequency transport properties observed in low-dimensional materials are far of being well understood. Thus developing a microscopic operator description of the finite-frequency/energy physics of low-dimensional electronic quantum liquids remains an important chalenge.
In this Letter we show that, for the integrable Luttinger liquid associated with the Hubbard chain [2, 3] in a magnetic field, the generalized pseudoparticle operator representation introduced recently in Ref. [4] provides the desired microscopic description for the finitefrequency/energy transport quantities. We find that the excitations that dominate the frequency-dependent conductivity at finite energies involve a small density of excited pseudoparticles. Using the generalized pseudoparticle algebra we obtain, in addition for the Drude peak (for the non-half-filled case), explicit expressions for a prominent feature that sets in with a power law at ω ≃ 2|µ| − δ, where µ is the chemical potential and δ << |µ| is a small positive energy we define below (which vanishes at large U and at half filling for all values of U). We also obtain expressions for the less-pronounced, higher-energy absorptions of the conductivity spectrum. The fact that at all energy scales there is only zero-momentum pseudoparticle forward scattering in the Hubbard chain confirms the recent indications that the integrability of BA solvable many-electron problems is closely related to peculiar spectral and transport properties [5] . Although this exact property holds only for integrable systems, we believe that our pseudoparticle operator description will provide the most suitable starting point for description of the unusual finite-frequency transport properties of both integrable and non-integrable electronic Luttinger liquids.
We consider the Hubbard chain [2,3] in a magnetic field H and chemical potential µ , the electronic density n = n ↑ + n ↓ , the spin density m = n ↑ − n ↓ , and the σ Fermi momentum k F σ = πn σ .
For simplicity we restrict our study to densities 0 < n ≤ 1 and spin densities 0 < m ≤ n.
The recently introduced generalized pseudoparticle operator representation refers to the whole Hilbert space of the Hubbard chain [4] and involves the α, γ pseudoparticles with quantum numbers α and γ such that α = c, s and γ = 0, 1, 2, ..., ∞. The heavy pseudoparticles have γ > 0 (whose bands have energy gaps) whereas the light α, 0 pseudoparticles are nothing but the usual α pseudoparticles of the low-energy pseudoparticle theory [6, 7] . Following Refs. [4, 8] , as an alternative to the α, 0 pseudoparticles, one can refer to their holes, which are called pseudoholes. The use of the pseudohole representation is required for the description in the present operator basis of the six generators of the η-spin and spin algebras.
However, since the current operator associated with the conductivity spectrum commutes with all these generators, it projects the ground state (GS) onto a Hilbert subspace spanned by the lowest-weight states (LWS's) of these algebras. In that space S can be integers or half-odd integers depending on the parities of the pseudoparticle numbers. The excitations associated with the changes in the integer or halfodd-integer character of these numbers are generated by the topological-momentum-shift operators whose expressions in terms of pseudoparticle operators are given in Refs. [4, 8] .
These play an important role in the GS transitions we discuss below.
In our Hilbert subspace we have that S
, and the total-momentum eigenvalue is P = and the pseudoparticle velocities. (The expressions of these quantities are given in Ref. [4] .)
, where the pseudo-Fermi momentum is q F α,γ = πNα,γ Na , and the parameters
with j = 0, 1 play a central role in the quantum-liquid physics. The parameters (2) are simple combinations of the two-pseudoparticle forward-scattering phase shifts [4] . The relevant excitations which contribute to the conductivity involve a small density of pseudoparticles.
For these excitations the ratios ∆N α,0 Na and Nα,γ Na for γ > 0 are small, and the parameters (2) are such that ξ
and ξ j αα ′ are the low-energy parameters defined in the second paper of Ref. [6] . Moreover, ξ 
The generators of the excitations (i) were studied in Ref. [8] and the ones of (ii) involve only topological-momentum shifts and pseudohole processes which describe either creation of electron pairs or spin flip processes. The important transitions for the conductivity are of type (iii). Consider as an example of such excitation the GS -GGS transition corresponding to the creation of one zero-momentum c, γ pseudoparticle which we find below to be the relevant elementary process for the finite-frequency conductivity. The zero-momentum condition requires γ to be odd. Such transition involves one s ≡ s, 0 topological-momentum shift of momentum k = ±k F ↓ , a zero-momentum excitation involving the annihilation of a number 2γ of c, 0 pseudoparticles, a k = ∓k F ↓ excitation associated with the annihilation of a number γ of s, 0 pseudoparticles, and the creation of one c, γ pseudoparticle at q = 0.
The infinity of pseudoparticle-number conservation laws implies that, for Lorentz invariance, each α, γ channel is an independent problem. Therefore, the study of the general pseudoparticle-energy spectrum of Ref. [4] as k, (ω − ω 0 ) → 0 reveals that the problem becomes critical, leading to a small momentum k and low-energy (ω − ω 0 ) conformal-field theory [9] . Furthermore, this reveals that the relevant GS transitions which dominate the charge -charge (and spin -spin) correlation functions at k = 0 occur at low-energy (ω − ω 0 ), with the possible ω 0 values given in Eq. (3).
We can write the charge-current operator asĴ =Ĵ d +Ĵ of f , whereĴ d = l l|Ĵ|l |l l| By applying a vector potential, we can derive the expression forĴ d . As at low energy [6] , the pseudoparticles are the transport carriers at all energy scales and the electronic degrees of freedom couple to the potential through them. We find that the couplings of the α, γ pseudoparticles to the potential read −eC 
where the pseudoparticle elementary charge currents are given by
and involve only the group velocities and f functions. The pseudoparticle current j α,γ ≡ j α,γ (q F α,γ ) and charge transport mass
such that m and (3) an absorption continuum between the Drude peak and absorption (2) (absent for n = 1). However, numerical studies show that (in contrast to 2D) the 1D Hubbard model has only an extremely small type-(3) absorption [10] . Since the conductivity sum rule [11, 12] proves that there is spectral weight away of the Drude peak, it must be mostly concentrated in the absorption (2). This picture is confirmed by our exact study. Although we have not derived a closed-form expression forĴ of f , our operator basis does provide important information about the conductivity spectrum: namely, 1) The occurrence of only forward scattering in the Landau-liquid term of the pseudoparticle Hamiltonian is consistent with the extremely small type-(3) absorption found numerically [10] [11] [12] and indicates that the topological finite-energy transitions (a) [followed by excitations (b)] are relevant for that spectrum at finite energy; 2) That the current commutes with η 2 , S 2 ,η z , andŜ z restricts the relevant topological excitations (a) to superpositions of elementary transitions (iii); 3)
That the s, γ pseudoparticles do not couple to charge further limits the transitions (iii) to the ones associated with creation of c, γ pseudoparticles and the important contributions to the conductivity spectrum occur for small values of ω and for values of ω just above the finite frequencies of general form
4) Since the conductivity spectrum corresponds to k = 0 momentum excitations, only GS -GGS transitions such that ∞ γ=1 (1 + γ)N c,γ is even are allowed; 5) Finally, based on the fully non-dissipative character of the pseudoparticle interactions at all energy scales combined with the occurrence of the infinite pseudoparticle-number conservation laws associated with the above small-k and low-(ω − ω 0 ) generalized conformal-field theory [9] , we could evaluate the charge -charge correlation function, χ(k, ω), at small k and ω just above the ω 0 values (7). For small ω the charge -charge correlation function leads to the Drude peak [6, 11, 12] only, (−e) 2 2π[q F c,0 /m ρ c,0 ]δ(ω). In order to evaluate the conductivity spectrum Reσ(ω) we use its relation to the charge-charge correlation function, Reσ(ω) ∝ lim k→0 ωχ(k,ω) k 2
. We have evaluated for low positive energies (ω − ω 0 ) the following conductivity general expression for type-(2) absorption:
where ω 0 is given by Eq. (7), {N c,γ } stands for the set of numbers N c,1 , N c,2 , ..., N c,∞ , and the critical exponent reads
The constant C({N c,γ }) is such that C({N c,γ }) → 0 in the limits U → 0, U → ∞ for m = 0, and m → n. This is because in these limits the Drude peak exausts the conductivity sum rule [11, 12] . 
On the other hand, since in this limit the electric-current operator only induces GS transitions associated with doubly-occupancy changes ∆D = 0 and ∆D = 1, it follows that the only GS -GGS transition allowed is the creation of one c, 1 pseudoparticle. It is this selection rule which justifies that at large U the only finite-energy absorption in the frequency-dependent conductivity is generated by such transition followed by pseudoparti- 
